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Introduction

We want to prove the following theorem :

Theorem 0.1. Let p > 3 be a prime, and p : Gg = Gal(Q/Q) — GL3(Z,) be a continuous
representation, unramified outside a finite set of primes ¥ with p ¢ ¥. Suppose that

p is odd, of finite image, and of projective image As.

Plea,, i irreducible.

Play, =1 forve ¥, =X U {p}.
e 7 is modular.
Then p is modular.

To prove this theorem, one will prove a "R = T" theorem, that is to say that R the deforma-
tion ring of p is equal to 7', the Hecke algebra. Then p, which is a point of R, will correspond to
a point of T', and thus comes from a modular form.

In the rest of the paper, we will fix E a finite extension of Q,, O its ring of interger, F its
residual field, 7 an unifomizer and p : Gg — GL2(O) a representation satisfying the hypothesis
of the theorem. We will denote by ¥ the determinant of p.

1 Local deformation rings at p

Let A be the category of local artinian O-algebra with residue field F, and Dg : A — Sets be the
functor which assigns to A € A the set of framed deformations of p|c,, = 1 with determinant ¢.
a b\ .
c d )-
po =1 (po is the reduction of pp modulo the maximal ideal of A), and det po = ¥|c, -

a v

Two such representations py = < Z Z ) and p{ = ( o

More precisely, an element of D) (A) is a representation py = Gq, — GLa(A), with

) are equivalent if pg = p{, (that

is why we are talking about framed representations).
Proposition 1.1. The functor DS s represented by a ring RE.

Remark 1.2. Since ﬁ|GQp is not absolutely irreducible, we have to take framed representations
to ensure representability.

There is therefore an universal representation p*"* : Gg, — GLa(R})).



Definition 1.3. Let Dﬁ be the functor from A to Sets, which assigns to A € A the set
{po € ]D)g (A),3 line L stable by Gq, such that Iy, acts trivially on E}

Proposition 1.4. The functor DPA 15 represented by a ring RPA.
Again, we have an universal representation Gg, — GLg(RpA), still denoted by p“"*, and an

universal line £%™" in RPA, stable by G, with the inertia acting trivially.

An element pg € ]D)pA(A) (for A € A) is conjugated to a representation of the form < (‘001 (; )
2

with
e ¢ an unramified character

& Yo = w|GQp 501_1

° ngDQ-Zl (GQP,%)

Let s € Gg, be an element lifting the Frobenius. We will define a cover of the space D [1/p] = Spec RS [1/p],
following Taylor.

Definition 1.5. Let RpA’U” [1/p] be the ring defined by
R [L/pIU)/ (U = Trp"™™ (s)Up + 9(s), p*™ (ts) = 1 (s)U, (9" (8) = 1) + p*""(5) Vt € Ig,)

Note that the last conditions can be rewritten (p“"*(t) —1)(p"“"**(s) —(s)U, ") = 0 for all
t in the inertia subgroup.
. AU, AUy A,Up A
We will note D), """ [1/p|] = Spec R, *[1/p], and f the map D), ""[1/p] — D,*[1/p].

Proposition 1.6. The map f is generically an isomorphism.

Proof. We will compute the fiber of f at a point x of DpA[l/p]. Then p,, the specialization of

$1
0

Case 1 : Suppose that pz|1@p = 1. Then

univ

p at z, is conjugated to < b > with p1p9 = 1/)\(;% and ¢ unramified.
2

fH (@) = Spec k(@)[Up]/ (U = (p1(5) + 02(5))Up +%(s))

Over z, f is an etale cover of degree 2 if ¢1(s) # v2(s), and a ramified map of degree 2 otherwise.
Case 2 : Suppose that pz|[% # 1. Then, up to a change of basis, we can assume that

1 b
pelie, ={ o 4

with b # 0. If ¢ is an element of the inertia subgroup with b(t) # 0, then the kernel of p,(t) — 1
is exactly the line generated by ej, the first vector of the chosen basis. Then the equation
(pa(t) = 1)(pa(s) —1(s)U; ') = 0 implies U, = ¢1(s). The map f is thus an isomorphism over
x.

To prove the proposition, we will show that if x is a closed point in case 1, there is a generization &

of  which is in case 2. If z is a closed point in case 1, we can assume that p, = ( %1 5 > with
2



b = 0 on the inertia subgroup. The point x correspond to an @’-point of D5 = Spec R5*. Let b’ be
a ramified cocycle for ¢1 /@2 (it exists for dimensionnal reasons), and consider the representation

/
defined over O'[[X]] by pz = ( %1 b+;ﬁp2b . This gives a point & of Dﬁ[l/p} which is a
2
generization of x, since the reduction of p; modulo X is equal to p,. The fact that z is in case 2
follows from b" being ramified. O

Remark 1.7. The fact that the map f is of degree 2 in the unramified case corresponds (via an
R =T theorem) to the ezistence of two companion forms.

2 Local deformation rings at Taylor-Wiles primes

A prime [ is said to be a Taylor-Wiles prime if

e [ ¢ X U{p}
° l=1(p)

e p(Frob;) has two distinct eigenvalues @; et 3;.

Let [ be a Taylor-Wiles prime, and D; : A — Sets the functor of deformations of ﬁ|G@L with
determinant 1. An element of I;(A) for A € A is then a representation py : Gg, = GL2(A)
lifting mG@z’ with det pg = ¢|GQZ, and two such representations py and pf, are equivalent if there
exists an element h € GLo(A), congruent to 1 modulo the maximal ideal of A, with pg = hp\h~L.

Proposition 2.1. The functor D; is represented by a ring R;.
The deformations of ﬁ|GQZ are actually very simple.

Proposition 2.2. Let pg be an element of Dy (A), with A € A. Then pg is conjugated to a matriz

of the form < 061 g ) with oy and B two tamely ramified characters of Go, lifting respectively
1

o and G;.

Proof. Since pg is unramified, the restriction of py to the inertia subgroup has values into the
elements of GL2(A) which are congruent to 1 modulo the maximal ideal of A. But the group of
these elements is a p-group, and the wild inertia subgroup is a I-group. Therefore, p, is trivial
on the wild inertia subgroup.

Let P, be the wild inertia subgroup, and let I* denote the group Ig,/P;. Then pg is determined
by its values on I and on s, an element lifting the Frobenius element. Let ¢ = pg(s) ; since ¢
lifts p(F'rob;), it has two distinct eigenvalues and is therefore diagonalizable. Moreover, we have
for t € I, sts~! =t

Let t € I', and let 7 = po(t). We will show that 7 and ¢ have a common eigenvector. If it is
not the case, let u be an eigenvector for 7 for the eigenvalue A\. Then ¢~!(u) is an eigenvector
of 7 for the eigenvalue A. Since ¢~!(u) is not colinear to u, T is diagonalizable with eigenvalues
X and M. The relation ¢7¢~! = 7! shows then that A = ), and thus A’~1 = 1. Since \ is
congruent to 1 modulo the maximal ideal of A, and p is prime to I + 1 (here we need p # 2),
then by Hensel’s lemma A'~! = 1. We deduce that A\’ = A, and then 7 is a scalar matrix.

g 0

0 B

We have shown that ¢ and 7 have a common eigenvector. We can then suppose that ¢ = (

)



and 7 = . The relation ¢r¢~" = 7!, the fact that @; and 3; are distinct, and the con-

= o
O N

O >

gruence [ = llow us to conclude that b = 0. O

(p)

Remark 2.3. In the case p = 2, the result is still valid (one shows that if N £\, then the trace
of ¢ must be 0, which is impossible since a; + 5, =a; — 1 #0).

. . .. o (67} 0 _ a b
Another proof consists in wrinting ¢ = ( 0 B ), T=1+ ( ¢ d
mazimal ideal of A. Then the relation ¢T¢~' = 7° and Nakayama’s lemma show that the non-
diagonal terms b and ¢ must be equal to 0.

) with a,b,c,d in the

The universal deformation of E|GQZ gives us two characters «; and §; lifting respectively a;
and . The character ai|r,, : Ig, — R gives by class field theory a morphism Z — R/
Since the character is tamely ramified, it factors through (Z/IZ)* — R/. Let A; be the p-Sylow
subgroup of (Z/IZ)* (which is non trivial because of the congruence verified by [). We have a
morphism A; — R;*. The ring R; is then naturally an O[A;]-algebra.

3 Global deformation rings

We have studied the deformations of p restricted to Gg,, and to Gg, for a Taylo-Wiles prime ,
and get rings R, and R;. We will also denote by R, the ring of framed deformations of p|g,,
for a prime g € X.

We will now study the global deformations of 5.

Definition 3.1. Let D : A — Sets be the functor which assigns to A € A the set of the defor-
mations of p unramified outside ¥, and with determinant 1.

An element of D(A) is a representation py : Gg — GLa(A) lifting p, unramified outside
¥, =X U {p}, and with det pp = . Two such representations py and p{, are equivalent if there
exists h € GL2(A) congruent to 1 modulo the maximal ideal of A with pg = hpjh~!.

Proposition 3.2. The functor D is represented by a ring R.

There is a universal representation p*"* : Gg — GLy(R). For any set of primes S, we will
denote by Qg the maximal extension of Q unramified outside S, and Gg s = Gal(Qg/Q). Since
p“™™ is unramified outside X,, it factors through Gg s, .

We will now compute the tangent space of R, that is to say the set D(F[e]). Let V = F?, so that
we have p: Gg — GL(V). An element in the tangent space is a morphism p; : Gg — GL2(Fle])
such that

e p; is equal to p modulo e.

e p; is unramified outside 3, i.e. factors through Gg s, .

e det p; = 1.

For all g € Gox,, write p1(g9) = (1 +¢€f(g9))p(g), with f(g9) € Ad p:= Homp(V, V). The fact
that det (1 + ef(g)) = 1 implies that f(g) belongs to Ad® p, the subspace of Ad p consisting of
the elements of trace zero. The fact that p; is a morphism gives us the relations

fl9192) = f(g1) +p(g1) f(g2)P(g1) "

forall g1, g2 € Gg,x,. If we endow the space Ad p with the action of Gg x;, define by g- f = p(g) fp(g) ™"
for f € Ad p and g € Gg,x, (this is the standard action on the space of morphism between repre-
sentations), then we see that Ad° p is stable under that action, and that f € Z'(Gg,x,, Ad" p).



Proposition 3.3. Let hy be the dimension of the F-vector space H'(Gyx,,Ad” p). Then R is
generated over O by hy elements.

Proof. We have seen that a element in the tangent space has the form p; = (1 + €f)p, with
f € Z'(Gq,s,,Ad® p). This representation is equivalent to pj = (1 — eh)pi(1 + €h), with
h € Ad p (but up to the addition of a scalar matrix, we can suppose h € Ad® p). The cocycle f is
equivalent to the cocycle f’ defined by f'(g) = f(g) +¢g-h— h. The tangent space D(F[e]) is thus
isomorphic to H'(Gg,x,,Ad? p). Since the number of generators is bounded by the dimension of
the tangent space, the result follows. O

Remark 3.4. The number of relations is bounded by the dimension of HQ(GQZP,AdO D).

We have defined the global deformation ring. We will relate this ring to the local deformation
rings introduced in the first parts. First, we have to modify slighty the global deformation ring.

Definition 3.5. LetDP : A — Sets be the functor which assigns to A € A a tuple (po, My, q € )
where pg is a deformation of p, unramified outside 3, with fived determinant, and M, is a frame
for po at q.

An element of D”(A) is a representation py : Gg — GLy(A) lifting p, unramified outside
Y,, and with det py = 1. Two such representations py and p are equivalent if there exists
h € GLa(A) congruent to 1 modulo the maximal ideal of A with pg = hpjh~!, and if moreover
the restrictions of pg and pj to Gg, are equal, for all g € ¥,,.

The restriction of an element in D(A) to Gg, gives a local framed deformation, for ¢ € 3,. We
thus get a map RY — R7, for ¢ € ¥, and thus R" is a R}, := R} ®qex R -algebra.
Define
H' = Ker (H'(Ggx,,Ad" ) = @gex, H' (Gg,. Ad’ 7))
and let h! = dimyp H!.
Proposition 3.6. The algebra R is generated over R, . by h' + |S,| — 1 elements.

Let @ be a set of Taylor-Wiles primes. We note Dg the functor of deformations of p, unram-
ified outside Q U X, with determinant v. This functor is represented by a ring Rq, which is a
Ry-algebra, for all I € Q. The ring Rq is thus an algebra over [[,.o O[A/] =: O[Aq].

We also define Dg to be the functor of deformations of p, unramified outside @ U ¥, with de-
terminant 1), together with frames at primes in ¥,. It is represented by a ring R%, which is an
algebra over R;} . Define

H¢, = Ker (H'(Go.5,uq,Ad’ §) = @ges, H (Gg,, Ad’ 7))
and let hg, = dimg Hp,).
Proposition 3.7. The algebra RcDg is generated over Rj. . by th +|3,| — 1 elements.

Define
) = H'(Go.x,. Ad° 5(1))

where p(1) is the Tate twist of p, and
HIL7Q = Ker (Hl(GQ,EPUQ, Ado ﬁ(l)) — @qeszl(GQq, Ado ﬁ(l)))
We will note !, = dimp H} and hiQ = dimp Hi)Q. More generally, we will denote by hi(—)
the F-dimension of a cohomology group H*(—). The Poitou-Tate formula gives
By — g = h%(Go. Ad® p) — K0(Gg. Ad® (1)) + 3 1 (G, A® ) — h(Gic, Ad° )
leQ
with Go = Gal(C/R).



Proposition 3.8. We have hé - hlL,Q =|Q| - 1.

Proof. The space H°(Gg,Ad° p) consists of the elements of Ad® p fixed by Gg, i.e. the en-
domrorphisms of trace zero commuting with 5. Since p is absolutely irreducible, we have
h%(Gg,Ad° p) = 0. Similarly, we have h®(Gg,Ad° 5(1)) = 0. For | € Q, we have by Galois
duality h*(Gg,,Ad° p) = h°(Gg,,Ad° p(1)). Since p(1) restricted to Gg, is the sum of two
distinct characters, we have h°(Gg,,Ad° p(1)) = 1. Finally, since p is odd, we have that p(c)

is conjugated to ( é _01 >, where ¢ is the complex conjugation. By consequence, we have
h%(Goo,AdY p) = 1. O

It is possible to construct systems of Taylor-Wiles primes, which will be more and more
precise.

Theorem 3.9. For all n > 1, there exists a set of Taylor-Wiles primes Q,, such that
° [Qu|="n.
eVieQ,,l=1(").
e hl, =0
Consequently, we have hbn = hlL,Qn +1Qun| —1=h% —1.
Corollary 3.10. The algebra Ry is generated over Ry, by bl +|,| — 2 elements.

The important thing is that the number of generators stays the same when n varies.
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